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ABSTRACT: An analytical mean-field theory is constructed for equilibrium (or “living”) polymers with
excluded volume at a surface. Within a mean-field approximation, exact analytical expressions are obtained
for the monomer concentration profile at the surface and for the excess amount, both for adsorbing and
nonadsorbing surfaces, and for the whole concentration range from the dilute to the marginal regime. A
ground-state approximation is not needed. For nonadsorbing polymers there is a depletion layer next to
the surface with a thickness that passes through a maximum as a function of the monomer concentration.
If the equilibrium polymers adsorb on the surface, their behavior is qualitatively different from that of
monodisperse chains. For weak adsorption, the excess amount increases gradually as the adsorption energy
increases. At a certain finite value of the adsorption energy (which depends on the average length of the
chains in the bulk), the excess amount starts to increases very rapidly by orders of magnitude. For chains
without excluded volume the excess amount diverges at this point, whereas for real chains it remains
finite. Adsorption isotherms of equilibrium polymers show a similar behavior: a gradual increase at low
concentrations, then a very steep increase at some finite concentration, and a plateau at higher
concentrations.

1. Introduction

The behavior of polymer chains at interfaces is a topic
of considerable interest, both from a theoretical and an
experimental point of view.1,2 A surface affects a poly-
mer coil in two ways: (i) it reduces the conformational
entropy, and (ii) it may have an energetic interaction
with the polymer segments. If this energetic interaction
is too weak to compensate the entropy loss, the polymers
avoid the region close to the surface. This region of lower
polymer concentration is called the depletion layer. On
the other hand, if the energetic gain is larger than the
entropy loss, the chains adsorb on the surface.

Several theoretical models have been proposed to
describe polymers near a surface. Scheutjens and
Fleer1,3,4 developed a self-consistent-field lattice theory,
which proved to be successful in describing polymer
adsorption and depletion. Within a mean-field ap-
proximation, this model gives exact results for the
concentration profile and the excess amount of polymer
near the surface. The model of Scheutjens and Fleer
relies on numerical calculations. Most analytical mean-
field calculations have been performed using continuum
models. Edwards5 used the analogy between the con-
formation of a polymer chain and the path of a diffusing
particle to describe the conformational statistics of a
polymer chain by a diffusion-like equation. For ideal
chains without excluded-volume interactions, Edwards’
equation can be solved exactly to yield an analytical
expression for the concentration profile of segments near
an adsorbing or a nonadsorbing surface.2,6-8 The ideal
chain approximation is valid for very dilute solutions
of polymers at the theta temperature near a nonadsorb-
ing or a weakly adsorbing surface. At higher concentra-
tions (or for strong adsorption) excluded-volume inter-
actions cannot be neglected. Only approximate solutions
have been obtained for this case, mainly within the so-

called ground-state dominance approximation.9,10 For
depletion or weak adsorption from marginal solutions,
this approximation gives rather good agreement with
exact numerical mean-field calculations.11 For strong
adsorption, however, the agreement is not as good,
because the ground-state approximation neglects tails
in the adsorbed layer. To account for the tails, Semenov
et al.10 presented a mean-field theory that goes beyond
ground-state dominance. Their approach was in reason-
able agreement with numerical mean-field calcula-
tions.11,12

The theoretical description of polymers at surfaces
has focused mainly on monodisperse polymers. Polydis-
perse chains have received far less attention.13-17 In this
paper, we consider a special class of polymers, in which
the bonds between monomers are not covalent, but
based on reversible interactions. Such chains are called
equilibrium polymers (or “living polymers” or “supramo-
lecular polymers”). Examples of equilibrium polymers
are wormlike micelles18 and supramolecular polymers
based on hydrogen bonding.19-24 The difference with
classical polymers is that the bonds between the seg-
ments can break and recombine on experimental time
scales. As a result, the chain length distribution in such
systems is not fixed but is determined by thermody-
namic equilibrium and responds to variable conditions.
Within a mean-field approximation, the equilibrium
chain length distribution in a homogeneous system of
equilibrium polymers is exponential:18,25

where F0(N) is the number of chains of length N per unit
volume, F0 is the total concentration of segments, and
〈N0〉 is the number-averaged chain length. The chain
length N is expressed in terms of the number of
segments. For equilibrium polymers, 〈N0〉 is not fixed* Corresponding author. E-mail: klaas.besseling@wur.nl.
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but it depends on the segment concentration F0 and on
the strength of the bonds between the monomers E
(often called the scission energy or the end-cap energy):

Here, b3 is the volume of a segment and F0b3 is a
dimensionless concentration.

Relatively little is known about the behavior of
equilibrium polymers near surfaces. Most attention has
been given to the case of nonadsorbing chains. Schmitt
et al.26 presented an analytical model for a solution of
ideal equilibrium polymer chains confined between two
repulsive (nonadsorbing) walls. Excluded-volume inter-
actions were not accounted for in this approach. Ana-
lytical expressions were obtained for the average mono-
mer concentration in the gap, the average length of the
chains, and the interaction between the surfaces. Rouault
and Milchev27 used Monte Carlo simulations to calculate
the average chain length of concentrated equilibrium
polymers confined between two surfaces. In a recent
paper, we used a numerical self-consistent-field lattice
theory to describe equilibrium polymers near a nonad-
sorbing surface.28 Concentration profiles were calculated
and the thickness of the depletion layer was investigated
as a function of the polymer concentration and the
strength of the bonds between the monomers. In dilute
solutions, the depletion layer thickness is proportional
to the average radius of gyration of the chains, which
increases with increasing monomer concentration as a
result of the growth of the chains (see eq 2). Above the
overlap concentration, the depletion layer thickness is
proportional to the correlation length of the solution ê,
which decreases with increasing concentration as ê ∼
F0

-1/2 within the mean-field approximation (so-called
marginal regime).1 At intermediate concentration, the
depletion layer thickness passes through a maximum.

Adsorbing equilibrium polymers have received less
attention.29,30 In a recent paper,31 we considered ideal
equilibrium polymers (without excluded volume) con-
fined between two surfaces with arbitrary interaction
between the polymer segments and the surface. We
were able to obtain exact analytical expressions for the
concentration profile, the average length of the chains,
and the disjoining pressure on the surfaces. For non-
adsorbing surfaces, our results were the same as those
of Schmitt et al.26 For adsorbing equilibrium polymers,
we found that the behavior is qualitatively different
from that of monodisperse chains. With increasing
adsorption energy of the polymer segments, the ad-
sorbed amount diverges continuously at a certain value
of the adsorption energy which depends on the average
chain length (a second-order phase transition). Obvi-
ously, the ideal chain description is not valid in this
regime, because excluded-volume interactions in the
adsorbed layer will become very important.

In this paper, we construct an analytical mean-field
theory for equilibrium polymers near a surface, based
on Edwards’ diffusion equation. We consider both ad-
sorbing and nonadsorbing equilibrium polymers over
the whole concentration range from the dilute to the
marginal regime. In section 2.1, we give a general
description of the analytical self-consistent-field theory
of polymers near a surface. In section 2.2, we apply this
to equilibrium polymers. We will show that, unlike for
monodisperse homopolymers, for equilibrium polymers
it is not necessary to use the ground-state approxima-

tion. Exact analytical expressions can be obtained for
the concentration profile and the excess amount of
polymer near the surface. In section 3 we discuss the
results of our model for nonadsorbing chains. Adsorbing
equilibrium polymers will be considered in section 4.

2. Self-Consistent-Field Theory
2.1. General Theory. In this section, we give a brief

description of the general self-consistent-field theory of
polydisperse polymers near a surface. In section 2.2, we
apply this theory to a solution of equilibrium polymers
with an exponential chain length distribution (eq 1).

We consider a polydisperse solution of polymer chains
in contact with a solid, impenetrable surface. There is
full equilibrium between the surface region and the bulk
solution. A short ranged adsorption potential ua(z)
accounts for the interactions between the polymer
segments and the surface. The interactions between
polymer segments are treated in a mean-field ap-
proximation. Within this approximation, segment-
segment interactions are replaced by an effective po-
tential that depends on the local concentration of
segments F(z). We assume that the concentration of
segments is not very high, so that binary interactions
between segments dominate. The total potential of a
polymer segment at a distance z from the surface with
respect to that in the bulk is then:

Here the first term accounts for the interactions with
the surface and the second term represents the seg-
ment-segment interactions, with v the excluded-volume
parameter and F0 the concentration of segments in the
bulk (at z f ∞). The excluded-volume parameter v can
be related to the Flory-Huggins polymer-solvent in-
teraction parameter ø:

For a good solvent (ø < 1/2), v is a positive constant. In
an athermal solvent (ø ) 0), there are only hard-core
interactions between segments and v is equal to the
volume of a segment b3.

The probability of a conformation of a polymer chain
in the potential field u(z) can be quantified by the end-
point distribution G(z, N). This gives the statistical
weight of a chain (or chain section) of N segments with
one end fixed at a position z as compared to that of a
chain of the same length in the bulk. The concentration
of end segments belonging to chains of length N is
proportional to this:

where the factor F0(N) denotes the number concentra-
tion of chains of length N in the bulk. It is a normaliza-
tion factor, ensuring that in the bulk, for z f ∞ (where
G(z, N) ) 1), FN

e (∞) ) 2F0(N) (since every chain has two
ends).

The statistical weight of a chain of length N with its
nth monomer at position z is equal to G(z, n)G(z, N -
n), where the two factors correspond to the two walks
from either end of the chain toward segment n at
position z. We assume that the average length of the
chains is large, so that the contributions of small chains

〈N0〉 ) xF0b
3exp( E

2kT) (2)

u(z)
kT

)
ua(z)
kT

+ v(F(z) - F0) (3)

v ) b3(1 - 2ø) (4)

FN
e (z) ) 2F0(N)G(z, N) (5)
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are negligible, and n and N can be treated as continuous
variables. The total contribution of chains of length N
to the local segment concentration can then be found
by integration over all segments n:

where the factor F0(N) ensures that FN(∞) ) F0(N)N. The
total segment concentration can be found by integration
over all N:

The distribution function G(z, N), and thus the
segment concentration F(z), depends on the potential
u(z). The potential, in turn, depends on the segment
concentration (eq 3). The solution must be self-consis-
tent. As pointed out by Edwards, the end-point distribu-
tion G(z, N) in a potential field u(z) satisfies a diffusion-
like equation5

where we assume that the chain length is large (N .
1), so that N may be treated as a continuous variable.
Here, the monomer size b specifies the average random-
walk step length. The starting point of the chain may
be anywhere (for z g 0), so that the initial condition is

To proceed, we assume that the adsorption potential
ua(z) is nonzero only in a very thin layer near the
surface, of the order of the monomer size b. As shown
by De Gennes,32 the effect of such a localized adsorption
potential can be taken into account by an effective
boundary condition at the surface (at z ) 0):

The parameter c is the inverse of the so-called extrapo-
lation length. It specifies the interactions of the seg-
ments with the surface. In the case of depletion (a
nonadsorbing surface) c < 0, while in the case of
adsorption c > 0. At the adsorption/depletion transition
c ) 0. The adsorption parameter c can be related to the
adsorption energy of the polymer segments and the
temperature.12,33,35 Close to the adsorption threshold c
varies as c = (øs - øsc) where øs ) - (up

a - u0
a)/kT is the

difference between the adsorption energy of a polymer
segment up

a and that of a solvent molecule u0
a, and øsc is

the value of øs at the adsorption/depletion transition
(where the adsorption energy is just sufficient to com-
pensate the entropy loss of a chain). For øs < øsc (c < 0)
the polymers are depleted, whereas for øs > øsc (c > 0)
the polymers adsorb.

An exact solution of eq 8 with boundary conditions 9
and 10 has been obtained only for u(z) ) 0, i.e., for very
dilute polymer solutions where excluded-volume inter-
actions are negligible.2,6,7,34 For polymers with excluded-
volume interactions, only approximate solutions have
been obtained.9,10 The end-point distribution is then
expanded in a series of eigenfunctions: G(z, N) ) ∑kψk-
(z)eεkN. Assuming that the eigenfunction ψ0 with the
largest eigenvalue dominates (ground-state approxima-

tion), approximate analytical expressions can be ob-
tained for the end-point distribution G(z, N) ≈ ψ0(z)eε0N.
As follows from eq 6, within this ground-state ap-
proximation, all segments belonging to chains of the
same length have the same probability distribution,
irrespective of their position within the chain. As a
result, it does not account for the tails of adsorbed
polymers, which are important in the outer region of
the adsorbed layer.1,3,10-12 Although some progress has
been made to go beyond the ground-state approxima-
tion,10 exact analytical solutions of eq 8 with the mean-
field potential 3 have not been obtained, so far.

In the next section we apply the self-consistent-field
equations to a solution of equilibrium polymers in
contact with a surface. We will show that for such
polymers, we can obtain exact expressions for the
concentration profile and the excess amount using the
mean-field potential, eq 3. It is not necessary to assume
ground-state dominance.

2.2. Equilibrium Polymers at a Surface. To de-
scribe equilibrium polymers at a surface, we need to
substitute the chain length distribution given by eq 1
in eq 6. As a result of the exponential chain length
distribution of equilibrium polymers, the integral in eq
7 can be rewritten as

where G̃(z, s) denotes the Laplace transform of G(z, N)
with respect to the variable N:

with the Laplace variable s ≡ 〈N0〉-1, where 〈N0〉 is the
number-averaged chain length in the homogeneous bulk
solution. In eq 11, we have used the convolution theorem
for Laplace transforms. In the second equality, we have
defined the function g(z, s) ≡ G̃(z, s)/〈N0〉. Similarly, for
the total concentration of chain ends at position z, we
can write (using eqs 1, 5, and 12):

We see that the concentration profile F(z) can be
computed directly from the Laplace transform of the
end-point distribution. Substitution of eq 11 in eq 3 gives
an equation for the potential u(z) in terms of g(z, s). The
differential equation for g(z, s) is obtained by performing
a Laplace transform on the diffusion eq 8, and substi-
tuting G̃ ) 〈N0〉 g ) g/s. This gives, after some rear-
rangement

with

Here R0 is the unperturbed radius of gyration of a chain
with a length equal to the average length in the bulk
〈N0〉. (Hereafter, we will loosely call R0 the “average

FN(z) ) F0(N) ∫0

N
G(z, n)G(z, N - n) dn (6)

F(z) ) ∫0

∞
FN(z)dN (7)

∂G(z, N)
∂N

) b2

6
∂

2G(z, N)

∂z2
-

u(z)
kT

G(z, N) (8)

G(z, 0) ) 1 (9)

[1
G

∂G
∂z ]z)0

) -c (10)

F(z) )
F0

〈N0〉2
[G̃(z, s)]2 ) F0[g(z, s)]2 (11)

G̃(z, s) ) ∫0

∞
G(z, N)e-sN dN (12)

Fe(z) ) ∫0

∞
FN

e (z)dN )
2F0

〈N0〉
g(z, s) (13)

R0
2d

2g(z, s)

dz2
) x[g(z, s)]3 + (1 - x)g(z, s) - 1

(14)

R0 ) bx〈N0〉
6

and x ) vF0〈N0〉 (15)
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radius of gyration”.) The dimensionless parameter x
depends on the solvency conditions, and on the concen-
tration and the average chain length in the bulk. The
physical meaning of the parameter x can be understood
by considering the expansion of the Flory-Huggins (or
mean-field) expression for the osmotic pressure, which
is fully in line with the present treatment:1,25

In dilute solutions the first term is dominant (the ideal
regime), while above the overlap concentration (in the
marginal regime) the second term dominates. The
crossover from the ideal regime to the marginal regime
occurs when F0/〈N0〉 ≈ vF0

2 or when x ≈ 1. Hence, the
parameter x indicates the concentration regime: in the
dilute regime x < 1, while in the marginal regime x >
1.

After multiplication by dg/dz and integration, eq 14
becomes

where the integration constant 1 + x/2 is found using g
) 1 (see eq 11) and dg/dz ) 0 in the bulk. This
differential equation can be solved by integration, giving
z as a function of g. Inversion then yields g(z, s):

where sign(c) ) 1 for adsorbing chains (c g 0), and sign-
(c) ) - 1 for nonadsorbing chains (c < 0). The parameter
p is an integration constant (with the dimension of
length), and the length scale d is defined as

It depends on the average dimension of the chains and
on the bulk concentration, and can be approximated as

At low concentrations the characteristic length scale d
is equal to the average radius of gyration R0, which
increases with the monomer concentration for equilib-
rium polymers (see eqs 15 and 2). At high concentra-
tions, d corresponds to the bulk correlation length ê
which is equal to b/(2x3vF0) in a mean-field approxi-
mation (in the marginal regime),1 and decreases with
increasing concentration. It follows that d must pass
through a maximum at intermediate concentration (see
also section 3). Figure 1 contains some typical plots of
d vs F0 (dashed curves).

The integration constant p in eq 18 is determined by
the boundary condition at the surface, eq 10, which
becomes in terms of g(z, s):

Substitution of eq 18 gives a relation between p, x, c,

and d.

where we have introduced the dimensionless adsorption
parameter

Here, C is defined as the ratio between the length scale
d given by eq 19 and the extrapolation length 1/c. (Note
that in ref 31, where we considered ideal chains with x
) 0, we used C ) cR0. Equation 23 is a generalization
of this for the whole concentration regime.) Equation
22 can be solved for p/d as a function of C and x, but
this expression is too long to display here. For several
limiting cases, limiting expressions can be obtained.
These will be discussed in the following sections.

The concentration profile F(z) is obtained from g(z, s)
after substitution of eq 18 in eq 11. The excess amount
of segments per unit surface area can be obtained as

The dimensionless normalized excess amount θex/(F0d)
is a function of two dimensionless parameters, x and
p/d (or C).

In this section we have derived expressions for the
concentration profile of equilibrium polymers near a
surface and for the excess amount. These expressions
are exact provided that the mean-field potential is given
by eq 3. They are valid for both nonadsorbing and
adsorbing polymers and for both the dilute and marginal
concentration regime. In section 3 we will discuss in
more detail the case of nonadsorbing equilibrium poly-
mers (c < 0). In section 4, we consider adsorbing

Π
kT

≈ F0

〈N0〉
+ 1

2
vF0

2 + ... (16)

R0
2(dg

dz)2
) 1

2
xg4 + (1 - x)g2 - 2g + 1 +x

2
(17)

g(z, s) ) 1 + 2 + 4x

sign(c)x2xsinh(z + p
d ) - 2x

(18)

d )
R0

x1 + 2x
(19)

d ≈ {R0 for x , 1

ê ) 1
2
b(3vF0)

-1/2 for x . 1
(20)

[1g dg
dz]z)0

) -c (21)

Figure 1. Depletion layer thickness ∆ and characteristic
length d as a function of concentration for several values of
the bonding energy E, for ø ) 0. The solid curves refer to ∆,
the dashed curves to d. Arrows indicate the concentration
where x ) 1 (i.e., the crossover from the dilute to the marginal
regime).

C )
x2x(1 + 2x) cosh(pd)

[sign(c) sinh(pd) - x2x][x sinh(pd) + sign(c)x2x(1 + x)]
(22)

C ) cd )
cR0

x1 + 2x
(23)

θex ) ∫0

∞
(F(z) - F0) dz

)
2F0d[e-p/d + sign(c)x2x][1 + 2x]

x[sinh(p/d ) - sign(c)x2x]
(24)
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equilibrium polymers. Where possible, we will derive
simplified equations for F(z) and θex.

3. Nonadsorbing Equilibrium Polymers
In this section, we consider nonadsorbing equilibrium

polymers for which the adsorption energy of a polymer
segment is insufficient to compensate the entropy loss
near the surface (c < 0). The partition function g(z, s)
is then given by eq 18 with sign(c) ) - 1. We take c f
-∞ here, which corresponds to the boundary condition
g(0, s) ) 0 on the surface (a hard wall). For c less
negative, the results are qualitatively the same.

For c f -∞, eq 22 gives the following expression for
the parameter p in eq 18:

which can be substituted in eq 18 to yield an exact
explicit expression for g(z, s). Substitution in eq 11 then
gives the concentration profile of segments. The segment
concentration profile for nonadsorbing equilibrium poly-
mers is shown in Figure 2 as a function of the reduced
distance to the surface z/R0 for several values of x
(corresponding to several bulk concentrations of mono-
mers; note that R0 increases with the bulk concentration
F0).

For very dilute solutions (x , 1) the polymer concen-
tration F(z), given by eqs 11, 18, and 25 simplifies to

which is exactly the result for ideal chains without
excluded-volume interactions.31 The thickness of the
depletion layer is of order R0. As x increases, the
depletion layer becomes thinner (see Figure 2). For x .
1 (in the marginal regime), eqs 11, 18, and 25 can be
simplified to

where ê ) b/(2x3vF0) is the bulk correlation length in
the marginal regime.1 For large distances (z . ê), the
concentration decays exponentially toward the bulk
value with a decay length d ≈ ê: F(z) ≈ F0(1-4e-z/ê).
Equation 27 is exactly the same result as found using
a ground-state approximation.9,34 Hence, this solution,
which is approximate for monodisperse conventional
polymers, is exact for equilibrium polymers if the mean
molecular field is given by eq 3. The profile depends only
on the polymer concentration and not on the average

chain length. This is a well-known result for polymer
solutions above the overlap concentration. We note that
for monodisperse polymers, using approaches that avoid
the ground-state approximation, a nonmonotonic con-
centration profile has been found for concentrations
above the overlap concentration.10,36 For equilibrium
polymers, we do not find such a nonmonotonic behavior.
It can be seen from eq 18 that the profile is monotonic
for all C and x.

A measure ∆ for the thickness of the depletion layer
can be obtained from the excess amount as ∆ ) - θex/
F0. Substitution of eqs 25 and 19 in eq 24 gives an exact
expression for ∆ as a function of x, valid for the whole
concentration range:

After substitution of eqs 15 and 2, we obtain ∆ as a
function of F0 and E. The result is shown in Figure 1
(the full curves). Two regimes can be recognized in this
Figure. At low concentrations ∆ is determined by the
average size R0 of the chains, which increases with
increasing concentration F0 and increasing scission
energy E (see eq 2). At high concentrations, above the
overlap concentration, ∆ is determined by the bulk
correlation length ê, which decreases with increasing
concentration and is independent of E. At intermediate
concentration, ∆ passes through a maximum.

The asymptotic behaviors follow by expansion of eq
28:

Note that the depletion layer thickness in dilute solu-
tions of equilibrium polymers (∆ ) 3/2R0) is slightly
larger than that of ideal monodisperse chains2,7,34 (∆ )
2R/xπ). The maximum of the depletion layer thickness
occurs around x ≈ 1, which corresponds to a segment
concentration F0

/ = b-3 exp (- E/3kT).
An alternative definition of the depletion layer thick-

ness can be obtained from the concentration profile. It
follows from eqs 11 and 18 that at large distances (z .
d) the concentration decays exponentially toward the
bulk value: |F(z) - F0| ∼ e-z/d. The decay length d
provides an alternative measure for the thickness of the
depletion layer. It is given by eq 19 and is also plotted
in Figure 1 (the dashed curves). It can be seen that d
follows qualitatively the same trend as ∆. The same
scaling with concentration is found in the dilute and
marginal regime (compare eqs 20 and 29).

The results of Figure 1 are in excellent agreement
with recent results obtained using a numerical self-
consistent-field lattice model.28 Only at very high con-
centrations do the numerical results show a faster
decrease of the depletion layer thickness with concen-
tration than predicted by eq 29. This is due to higher-
order interactions between segments that are neglected
in eq 3. Also for very small F0 and E (where the average
length of the chains is only a few segments) the present
model deviates from the numerical results. The reason
is obvious: the Edwards equation is not valid for small
〈N0〉, and also eq 2 does not apply. A more detailed

Figure 2. Segment concentration profiles for nonadsorbing
equilibrium polymers (c f -∞) for several values of x.

p ) d arcsinh(2 + 2x
x2x ) (25)

F(z) ) F0(1 - e-z/R0)2 (26)

F(z) ) F0 tanh2( z
2ê) (27)

∆ )
R0

x
(2x1 + 2x - x2(x + 2)) (28)

∆ ≈ {3
2
R0 ∼ F0

1/4 exp ( E
4kT) for x , 1

2ê ∼ F0
-1/2 for x . 1

(29)
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comparison with the numerical model of ref 28 is made
in the appendix.

4. Adsorbing Equilibrium Polymers
In this section, we consider adsorbing equilibrium

polymers for which the gain in adsorption energy is
larger than the entropy loss near the surface (øs > øsc,
c > 0). The partition function g(z, s) for this case is given
by eq 18 with sign(c) ) 1. We will discuss concentration
profiles for adsorption from dilute and marginal solu-
tions, and study the excess amount of segments at the
surface as a function of the adsorption strength and the
concentration.

Adsorption from Dilute Solution: Concentra-
tion Profiles. For x , 1, the concentration profile (eqs
11 and 18) can be written as

with d ≈ R0 and with the parameter p given by eq 22.
In Figure 3, excess concentration profiles (F(z) - F0), as
given by eq 30, are shown for x ) 10-6 and for several
values of the adsorption strength C ≈ cR0. Obviously,
the concentration in the adsorbed layer increases strongly
with increasing adsorption strength. Also the shape of
the curves depends on the value of C.

The characteristic features observed in Figure 3 can
be deduced by examining approximate expressions for
the various regimes. These can be obtained by expand-
ing eq 22 in terms of x. This yields the following limiting
expressions for p:

For weak adsorption ((1 - C) . x2x), eqs 31 and 30
yield the following expression for the concentration
profile:

with d ≈ R0 and C ≈ cR0. This is exactly the same result
as obtained for ideal chains without excluded-volume
interactions (v ) 0).31 For x ) 10-6, eq 32 describes the
profile very well for values of C < 0.99. According to eq
32, the excess concentration (F(z) - F0) is a sum of two

exponentials, with decay lengths R0 and R0/2. For | C|
, 1, the term with the longest decay length dominates,
and eq 32 can be further simplified to F(z) ≈ F0(1 +
2Ce-z/d): the segment concentration decays exponen-
tially toward the bulk value with a decay length d ≈
R0. This can be seen in Figure 3 for C ) 0.3.

For higher adsorption strength, both exponential
terms are important. The shortest decay length R0/2
dominates at short distance, and the longest decay
length R0 dominates at large distance. In Figure 3, this
can be seen for C ) 0.95.

For strong adsorption (C . 1), the concentration
profile becomes more complicated (see Figure 3) and is
given by the full expression 30 with p ≈ 1/c. The profile
can be subdivided into four regions. For z e p the
concentration profile depends strongly on the adsorption
strength C. This region is called the proximal region,12,37

and p could be called the proximal length. The concen-
tration in the proximal region is of order F(0) ≈ 2F0d2/
(xp2) ≈ (cb)2/(3v). Note that for (cb)2 > 3(1 - 2ø) the
model predicts a volume fraction of train segments F-
(0)b3 larger than unity. For this case, the region close
to the surface is not well described by our model and
higher-order interactions between segments should be
taken into account. For z . p, the profile does not
depend on C (see also Figure 3). In the so-called central
region37 (p , z , d) the profile follows the mean-field
power-law: F(z) ≈ 2F0d2/(xz2) ≈ b2/(3vz2) (see inset in
Figure 3). For d , z , - d ln x, the profile decays
exponentially with a decay length d/2 which is deter-
mined by the average radius of gyration: F(z) ≈ (8F0/
x)e-2z/d ≈ (8/v〈N0〉)e-2z/R0. Finally, for very large distances
(z . - d ln x) the concentration approaches the bulk
value as F(z) ≈ F0[1 + (8/x2x)e-z/R0]. Of course, these
four regions can only be observed clearly if the length
scales are well separated. This is the case for large c,
low F0 and large 〈N0〉 (i.e., large E).

The inner three regions of the profile (where z , - d
ln x and F(z) . F0), are also found if we solve eq 8 using
a ground-state approximation.38 As tails are neglected
in the ground-state approximation, this means that in
the inner part of the profile only loops are important.
Hence, the exponential part of the profile with a decay
length d/2 is due to the loops. Deviations from the
ground-state approximation occur only for z > - d ln x
where the concentration is almost equal to the bulk
value. In this region, tails become important. The decay
length associated with the tails is equal to d.1,10,12 This
is also the decay length of the profile for the chain-ends
(eqs 13 and 18): [Fe(z) - 2F0/〈N0〉] ∼ exp(- z/d) for z .
d.

It is instructive to compare the features of the profile
to those observed for adsorption of monodisperse ho-
mopolymers. The proximal length p ≈ 1/c is the same
for equilibrium polymers as for monodisperse polymers.
The length scale d (the distal length), however, is larger
for equilibrium polymers than for monodisperse chains
of length equal to the average length 〈N0〉 in the bulk.
For monodisperse polymers, the distal length equals R/

xln(1/F0b
3),10,11,12 which is lower than the radius of

gyration R by a factor of 3-5 for typical small values of
F0b3. For equilibrium polymers, on the other hand, the
distal length (eq 19) is approximately equal to the
average radius of gyration R0. As a result, the crossover
from the central to the distal regime occurs at a larger
distance from the surface than for homopolymers.
Physically, this may be understood as follows: In the

Figure 3. Excess segment concentration profiles for equilib-
rium polymers adsorbing from dilute solution (x ) 10-6) for
several values of C. The main figure is semilogarithmic, the
inset shows the profiles on a double-logarithmic scale.

F(z) ) F0[1 + 2

x2x sinh (z + p
d )]2

(30)

p ≈ {d ln (4 - 4C

Cx2x ) for (1 - C) . x2x

d/C ) 1/c for C . 1
(31)

F(z) ) F0(1 + Ce-z/d

1 - C)2

(32)
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central regime the concentration is locally in the mar-
ginal concentration regime.37 The crossover to the distal
regime occurs when the local concentration drops below
the overlap threshold. This overlap concentration is
lower for longer chains. For equilibrium polymers (and
other polydisperse chains), long chains are preferentially
adsorbed. As a result the average length is higher in
the adsorbed layer and the corresponding overlap
concentration is lower. The crossover to the distal
regime therefore occurs for lower F(z), i.e., at a larger
distance from the surface.

The ground-state approximation for homopolymers
predicts a distal regime where the profile decays expo-
nentially with a decay length d/2, similar to the first
exponential regime observed for equilibrium polymers.
This decay length is due to the loops. A more detailed
analysis, however, shows that tails cannot be neglected
in the distal region.1,3,10,12 For monodisperse chains, the
crossover from the loops-dominated regime to the tails-
dominated regime occurs at a distance z* from the
surface which is comparable to d. As a result, tails
dominate for z . d, so that the exponential decay with
length scale d/2 (due to the loops) cannot be observed
in the overall profile, and the only visible decay length
is that of the tails, d. This is also seen in numerical
calculations using the Scheutjens-Fleer theory.3,11 For
equilibrium polymers, on the other hand, the exponen-
tial decay for the loops (decay length d/2) and that for
the tails (decay length d) can both be seen in the profile
(see Figure 3). Apparently, the crossover distance z*
from the loops-dominated to the tails-dominated regime
is much larger than d in this case. The reason z* is so
much larger for equilibrium polymers than for ho-
mopolymers is that tails seem to be much less important
for equilibrium polymers. As discussed above, tails only
start to play a role in the region where the concentration
is almost equal to the bulk value.

The reason tails are not very important for equilib-
rium polymers is that the average length of the adsorbed
chains is much higher than that of chains in the bulk.
In the regime of strong adsorption (where θex ≈ Γ with
Γ the adsorbed amount), the average length of adsorbed
chains can be calculated as

Clearly 〈Na〉 . 〈N0〉 (for example for x ) 10-6 and C )
10, 〈Na〉 ≈ 105〈N0〉). For such long chains, tails are not
very important. Another way to look at it is that for
equilibrium polymers, the ends of two tails can combine
and form a loop. For high values of the binding energy,
this is favorable, so that tails are suppressed in this
case.

Adsorption from Marginal Solution: Concentra-
tion Profiles. For adsorption from marginal solutions
(x . 1), the parameter p/d is large for all C. Hence, we
may replace sinh[(z + p)/d] in eq 18 with (1/2) exp[(z +
p)/d]. The parameter d is now equal to ê (see eq 20).
Using this, we find from eq 11 in combination with 18

for the concentration profile for adsorption from mar-
ginal solutions

where a ) p - 2êln(2x2x) gives a new definition for
the proximal length in the marginal regime. The fol-
lowing relation can be derived for a (using eq 22):

Equation 34 is exactly the same result as found using
a ground-state approximation.9,10 The profile does not
depend on the chain length. The characteristics of the
profile are easily seen from eq 34. For weak adsorption
(c , ê-1), eq 35 reduces to a ≈ êln(2/C). Equation 34
then gives F(z) ≈ F0(1 + 2Ce-z/ê); i.e., the concentration
decays exponentially toward the bulk value with a decay
length ê. For c . ê-1 (strong adsorption), a ≈ 1/c, and
the profile can be divided into three regions. For z , ê,
the profile is the same as for adsorption from dilute
solution. In the proximal region (for z < a), the concen-
tration is on the order of F(0) ≈ F0C2 ) (cb)2/(3v) and in
the central region (for a , z , ê), the profile decays as
a power law: F(z) ≈ F0(ê/z)2 ) b3/(3vz2). At large
distances z . ê, F(z) approaches the bulk concentration
exponentially: F(z)/F0 ≈ 1 + 4e-2z/ê.

Semenov et al.10 predicted that for monodisperse
polymers corrections to the ground-state approximation
would lead to a nonmonotonic concentration profile in
the marginal regime (as for nonadsorbing chains). We
find here that for equilibrium polymers, the profile is
monotonic for all C and x.

Surface Excess. The normalized excess amount of
segments at the surface θex/(F0d) is shown in Figure 4
as a function of the dimensionless adsorption strength
C for several values of x. Two regimes can be observed
in this figure. For weak adsorption (|C| , 1), the curves
for different x fall on one single curve. Hence, the
normalized excess amount θex/(F0d) is a universal func-
tion of C in this regime. As C approaches unity the
curves start to differ and in the strong adsorption
regime the normalized excess amount depends strongly
on x. Below, we will discuss these two regimes in
detail.

Figure 4. Excess amount of segments at the surface as a
function of the adsorption strength C for several values of x.

F(z) ≈ F0 coth2 (z + a
2ê ) (34)

a ≈ êln[1 + x1 + C2

C ] (35)

〈Na〉 ) θex

1
2∫0

∞
[Fe(z) - F0/〈N0〉] dz

≈ 2C
x2x ln(2C)

〈N0〉 for x , 1, C . 1

(33)
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Approximate expressions for θex for weak adsorption
(0 < C , 1) and for strong adsorption (C . 1) can be
obtained by expanding eq 22. This yields

Both for weak and for strong adsorption, the excess
amount increases linearly with C (see also Figure 4).
Indeed, for | C| , 1, the normalized excess amount θex/
(F0d) does not depend on x. In the strong adsorption
regime, however, it depends very strongly on x. For x
, 1, the excess amount becomes very large: θex/(F0d) ≈
2C/x. For marginal solutions (x . 1), θex/(F0d) ≈ 4C for
C . 1.

For adsorption from dilute solution (x , 1), the excess
amount increases very rapidly when C approaches unity
(see Figure 4). For ideal chains (x ) 0), the excess
amount diverges continuously, and goes to infinity at
C f 1 (a second-order phase transition). As discussed
in a recent paper about ideal equilibrium polymers,31

this behavior is qualitatively different than that of ideal
monodisperse polymers. For the latter, the adsorbed
amount increases gradually with increasing adsorption
strength, but remains finite. It can be seen in Figure 4
that for equilibrium polymers with excluded-volume
interactions, the adsorbed amount also remains finite,
because the excluded-volume interactions between seg-
ments hinder the accumulation of segments near the
surface. For x , 1, a reminiscence of the phase transi-
tion is still visible, however: even though the surface
excess does not diverge at C ) 1, it increases very
steeply with ln C. The slope of a plot of θex vs C changes
by a factor 1/x around C ) 1. The steep increase of the
excess amount around C ) 1 is typical for equilibrium
polymers. It is not found for monodisperse polymers.

For adsorption from more concentrated solutions (x
> 1), nothing special happens at C ) 1. For x . 1, the
ratio p/d is large for all C. Approximate expressions for
p and θex can then be obtained by replacing sinh[(z +
p)/d] in eqs 22 and 24 by (1/2) exp[(z + p)/d]. This yields
the following expression, which is valid for for all C (not
only for adsorption, but also for depletion):

Hence, the normalized excess amount θex/(F0d) does not
depend on x for x . 1, which can also be seen in Figure
4.

Adsorption Isotherms. So far, we have considered
concentration profiles and excess amounts in terms of
the dimensionless parameters x and C. These results
are valid for equilibrium polymers, but also for covalent
polymers with an exponential chain length distribution
(e.g., condensation polymers), provided that the bulk
reservoir is (virtually) infinitely large. The major dif-
ference with covalent polymers is that for equilibrium
polymers, the average length 〈N0〉 is a function of the
concentration F0 (see eq 2). As a result, the concentration
dependence of the excess amount is quite different for
equilibrium polymers than for covalent polymers with
an exponential distribution.

With increasing concentration the parameter x (eq 15)
increases monotonically as x ∼ F0

3/2. The crossover from

the dilute to the marginal regime occurs when x = 1,
i.e., at a concentration

where we have used eqs 15 and 2. The parameter C (eq
23) is a nonmonotonic function of the concentration. For
dilute solutions (x , 1), it increases as C ≈ cR0 ∼ F0

1/4,
while for marginal solutions (x . 1), it decreases as C
≈ cR0/x2x ∼ ê ∼ F0

-1/2. For constant c and E, it reaches
a maximum value at a concentration F0 ) 4-2/3F0

/ ≈ 0.4
F0
/:

Substitution of eqs 19, 15, and 2 in eq 24 gives the
excess amount as a function of c, F0, and E. In Figure 5,
the excess amount θex is shown as a function of the
monomer concentration for monomers with a scission
energy of 20kT for several values of c. The vertical line
indicates the crossover concentration F0

/ (eq 38), and
the arrows indicate the concentration where C ) 1: in
the concentration range between the arrows C > 1.
Several regimes can be observed in this figure, depend-
ing on the value of c.

For very weak adsorption (cb , e-E/6kT) we have C ,
1 over the whole concentration range (see eq 39). The

θex

F0d
≈ {2C for |C| , 1

2C(1 + 2x)x-1 for C . 1 (36)

θex

F0d
≈ 2(C - 1 + x1 + C2) (37)

Figure 5. Adsorption isotherms for monomers with a scission
energy of 20kT and for several values of the adsorption
strength c and for ø ) 0 on a lin-log scale (a) and on a log-
log scale (b). Vertical dashed line indicates the crossover
concentration F0

/ from the dilute to the marginal concentra-
tion regime. Arrows indicate the concentration where C ) 1:
the horizontal arrow in the dilute and the vertical arrow in
the marginal regime. At concentrations between the two
arrows, C > 1.

F0
/ =

e-E/3kT

bv2/3
(38)

Cmax ) 22/3cb3/2eE/6kT

6v1/6
(39)
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excess amount then equals θex ≈ 2CF0d according to eq
36. Substitution of eqs 15 and 2 gives

At low concentrations (F0 , F0
/), the excess amount

increases as θex ∼ cF0
3/2eE/2kT. At higher concentrations

(F0 . F0
/) it reaches a plateau: θmax

ex ≈ (1/6)cb2/v. This
behavior can be seen in Figure 5b for c ) 0.01

For larger values of c the shape of the adsorption
isotherm changes. If c is large enough, there is a
concentration range where C > 1 (in between the
horizontal and vertical arrows in Figure 5). As seen in
Figure 4, the excess amount increases drastically around
C ) 1 for dilute solutions. This can also be seen in
Figure 5. At very low concentrations, C , 1, and the
excess amount (given by eq 40) is small. With increasing
concentration, 〈N0〉 increases and also C increases. When
C f 1 (indicated by the horizontal arrows in Figure 5),
the excess amount starts to increase rapidly (this is
particularly obvious on the double-logarithmic scale of
Figure 5b). For larger values of c this steep increase
occurs at lower concentrations. As the concentration
increases further the excess amount levels off. For very
strong adsorption (C . 1), the excess amount reaches a
plateau: θex ≈ (1/3)cb2/v (see eq 36 with eq 15 and see
eq 2). In the marginal regime (F0 . F0

/), C decreases
proportionally to ê, and consequently, also θex decreases.
The reason is that the concentration decays more
rapidly toward the bulk value for higher concentrations
(ê decreases), so that the periphery of the profile
contributes less to θex. This behavior is similar to the
decrease of the depletion layer thickness for nonadsorb-
ing equilibrium polymers in the marginal regime (sec-
tion 3). The maximum of the excess amount occurs when
C ≈ Cmax, i.e., at F0 ≈ F0

/.
In the calculation of the adsorption isotherms, we

have assumed that the parameter c does not depend on
the concentration. In reality, c may depend on the
concentration for fixed øs, because the average sur-
roundings of a polymer segment is different near the
surface than in the bulk. This is a weak effect, however;
see also the Appendix.

5. Concluding Remarks

We have developed an analytical mean-field theory
for equilibrium polymers at a surface. Both adsorbing
and nonadsorbing polymers were considered at bulk
concentrations ranging from the dilute to the marginal
concentration regime. Because of the exponential chain
length distribution in the bulk solution, we could make
use of the properties of Laplace transforms to obtain
exact analytical expressions for the concentration profile
and the excess amount of polymers at the surface. In
this way, the usual ground-state approximation can be
avoided.

This paper was written with predominantly equilib-
rium polymers in mind for which the chain length
distribution adapts to the concentration according to eq
2. However, most results apply also to covalent poly-
disperse polymers with an exponential chain length
distribution. The obvious exception is for those results
where the concentration dependence of the average
chain length is explicitly addressed.

For a nonadsorbing surface, there is a depletion layer
near the surface where the polymer concentration is
lower than in the bulk. An analytical expression was
derived for the depletion layer thickness. It passes
through a maximum as a function of concentration. In
dilute solutions, it is proportional to the average radius
of gyration of the chains, which increases with concen-
tration, and in the marginal regime, it corresponds to
the bulk correlation length which decreases with con-
centration.

For adsorbing surfaces, the concentration profile has
similar characteristics as for adsorption of monodisperse
chains, but there are also important differences. The
distal length is larger for equilibrium polymers than for
homopolymers. As a result, the central regime extends
further from the surface. Furthermore, tails are much
less important for equilibrium polymers than for ho-
mopolymers. This may have consequences for the in-
teractions between two surfaces covered with adsorbed
polymer layers. For homopolymers, the presence of tails
causes a repulsive barrier at intermediate surface
separations, which may be sufficient to cause stabiliza-
tion of colloidal dispersions.39 For equilibrium polymers,
with much fewer tails, this repulsion is probably much
weaker or even absent.

The dependence of the excess amount on the adsorp-
tion energy is qualitatively different for equilibrium
polymers than for monodisperse chains. For weak
adsorption the excess amount is small and increases
linearly with the adsorption energy. As the adsorption
energy reaches a certain finite value (which depends on
the average length of the chains), the excess amount
starts to increase very rapidly by orders of magnitude.
For ideal chains without excluded-volume interactions,
the adsorbed amount diverges at this point (a second-
order phase transition). For chains with excluded-
volume interactions a reminiscence of this phase tran-
sition is still visible (a very steep increase of the
adsorbed amount), but the excess amount remains
finite.

We also calculated adsorption isotherms for equilib-
rium polymers for several values of the adsorption
energy. At low concentrations, the adsorbed amount is
low and increases gradually as a power law θex ∼ F0

3/2

with concentration. If the adsorption energy is suf-
ficiently high, there is a certain concentration where the
adsorbed amount starts to increase very rapidly. For
chains without excluded volume, the excess amount
diverges at this point, but for chains with excluded
volume, it remains finite. At higher concentrations, the
excess amount saturates at a plateau, and for very high
concentrations, it decreases again.

In our model, we have only taken into account binary
interactions between segments. At very strong adsorp-
tion this may not be accurate, because the concentration
in the adsorbed layer may become very high. Therefore,
the excess amount for this regime may be overestimated
by our calculations.

Another limitation of our model is that we use a
mean-field approach in which excluded-volume correla-
tions are neglected. As a result it neglects swelling of
polymer chains in a good solvent. For not too long chains
in marginal solvents (v/b3 j 〈N0〉 -1/2), correlations are
not very important and the mean-field treatment is
rather good.10,1,40 For concentrations above the overlap
value, the fluctuations that are characteristic for the
semidilute regime are neglected. However, for v/b3 j

θex ≈ cb7/2F0
3/2eE/2kT

3[1 + 2vF0b
3/2eE/2kT]

(40)
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F0b3 there is a crossover to the marginal regime, where
fluctuations are unimportant and where the mean-field
treatment is valid.1,40 For Θ solvents (ø ) 0.5) the
excluded-volume parameter v vanishes and three-seg-
ment interactions dominate.

In this paper we have only considered the total
segment concentration F(z), which is obtained after
integration over all chain lengths (eq 7). As a result, no
information is obtained about the distribution of chain
lengths near the surface. To obtain the chain length
distribution, one would have to perform an inverse
Laplace transform on the distribution function g(z, s),
eq 18. Unfortunately, we could not do this analytically.
It is to be expected, however, that the distribution is
very different from that in the bulk of the solution: it
is well-known that in the case of depletion short chains
are favored near the surface, whereas in the case of
adsorption long chains are favored.1,13,16,28,26,35
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Appendix: Comparison to Numerical Lattice
Theory

In ref 28, a numerical lattice theory was used to
describe equilibrium polymers near surfaces. In this
appendix, we compare the results obtained using this
lattice model to the analytical density profiles, given by
eqs 11, 18, and 22. The parameters in the numerical
calculations are the volume fraction of monomers φM

b ,
the average length 〈N̂0〉 (expressed in lattice monomers),
the adsorption energy øs (i.e., the contact energy be-
tween a monomer and the surface), and the contact

energy between segments and solvent molecules. These
must be related to the parameters R0, x, and c occurring
in the analytical theory. For chains on a cubic lattice
without the possibility of back-folding (as in ref 28), the
Kuhn length b is equal to 3/2l with l being the lattice
spacing.41 Hence, the average length expressed in Kuhn
segments is 〈N0〉 ) 2/3〈N̂0〉 and the average radius of
gyration is R0 ) 1/2l〈N̂0〉1/2. For athermal chains (no
interactions between monomers and solvent, i.e., ø )
0) this gives x ) vF0〈N0〉 ) 2/3φM

b 〈N̂0〉 (with φM
b ) F0b3).

The main difficulty in comparing lattice and continuum
models is related to the different boundary conditions
in the two models. For ideal chains on a cubic lattice
with the possibility of back-folding a relation between
the lattice adsorption parameter øs and the continuum
adsorption parameter c in the limit of zero concentration
was derived by Gorbunov et al.33,35 This relation is not
valid for the present case, however, because in the model
of ref 28 back-folding is not allowed.

A detailed comparison between the boundary condi-
tions in the two models is beyond the scope of this
appendix, so we use c as an adjustable parameter for
fitting the lattice profiles. In Figure 6, density profiles
obtained using both models are shown for dilute and
marginal solutions and for several values of the adsorp-
tion energy. The agreement between the two models is
excellent. The critical adsorption energy øsc (where c )
0) is approximately ln(5/4) ≈ 0.223. Moreover, we find
that the relation between c and øs does not depend very
strongly on the monomer concentration: for the same
øs, the numerical data for the two concentrations can
be fitted with approximately the same value of c.
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